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Abatrect

Mxiars of sitwitionn L. which individuals ere faed
with raliiple astiviides ansag witdsh they nust allscate
their efi'ort uve prsulaied Optimal illocations are found
for four asgwriad nucivatiora. atrustuess - profit maximiza-
tion and thr-a invol ing serfoxmanss goaly in each of ths
activitios. Hsarietde .- proximaticng vo the optizal alio-~
cations ers deveicved- Alrp, the reliztlyiehips hetwesn the

vardonr rotivazic. strusivies are explored.




This paper forus cns pari in & serfes of rescareh stuilas concerncd with
tudgetary thsory ard practice, In vhees stwilse, iuterest nas centered on
organizational aspects of bidgeting with a concaaltant emphssis on control
and related idees of goal formation, effort, moliwation, superior-subordinate
relationships and other conponents of goel-oriented zetivity, Thus, by
sxrhesis, a2t least, these studlas differ fron tha customary approaches to
pudgeting research which <dasal prin;arily with planning, forocasting &mxi
coordination, y The lettar have, parhaps naturally, been directed to the
sconoric magnitvdes walsh are deemsd pertinent 27+ elscting more or less
ratioral zholices betwsen #liamatives, insuring that all altsmetivee ars
considered and, at lezst in principlie, that optiniuatleon criteria or cther -
desicerata ars catinfied when 2 chofss is finelly made. By and large (it
pacas fais to woy) ths latter types of studizs haww tsrded “o bypass - or
a% leesl Lhsy have falled to feraelize and make axplieit == the organizational,
peycheloglieal, a manags ial dimensions which regquirs coneideration in ary
sttamypt to charsclerizs the control aspests of bwligeting for purposees of
eciantifies validation and testing.

Ve shall not roport hore the remults of such caupirical tests as we
haws bsen able Lo maks slihough wo shall provice wreferences (o this work
et suitable peints in the text,. The emphasis hers will be rather on ihe
formal models which we have utilized as guldes fo: effecting thsse studies .

and tests,

/ 3ee Charnes and Cooper [ 31 pp. vi3d and 39-40 for further, but brief,
discussion o control and plsnning. A more extsnsive diecussion which is
elosely related to the budgeting literature (and also relevant parts of the
psychelogieal literature) is contained in Stedry [ 1d.



2w

A frs vemarks on th: medels _wh:lch we have developed - as well as the
viy we huve devaloped thar = sre pavhaps in order et this podnt, First, we
chseres Lhat there s very 13ttle in the budgetdngmanagemert Mterature which
recvidss clear guides for the formatian of euch zodels and related methode of
analiuis. Second, ws observe thet a similar eituation prevails in the basic
seigntific litersiure in arsss such a3 econarics, yrsycholegy, end organization
hegry whera the guldance has had to e gerncred {orm idses and conntucts
whieh are elther vagus, partdally formulated, or tangetial to the wmein
directia of this ressarch an tke control aspects of budgeting. This is true,
“or $rstanes, of euch constmicts s allocation cf wanagerial effort,
arganizetional goale, and even true of the psycholcgloal "aspiration level”
corstrusty whiloh we shall aliso mpioy, but enly a7ter adjusting and extending
“her to the multiple-teck situstions in a peotabiidistic context with which m
shall be cowernsd,

Sora drlsf rexuvks on the msthenatics we e:0ll utiliss are also in
ercar. (Uae pesaible spproachk wauld precosd <ntiraly by means of the thcory :
of sula and relaled ilezs foom forazal logle, say, as a way to reduce .
substantially the nu der of sssumptione utilized :n ordor thereby to secure -
the uizmcst grmarallty. DEven if euccessful, howewnr, svch ar approach would
not Duwe ylelded the 4indc of sherp analytieal guides which were desired for
the cenelmitant supiricsl resecarch. A large and C(if{icult task of interprete-
tion vould have remainsd. evon at the end cf suci an alalysis, if only because
ihe grides froa managsmemt, peychology, apl esononics are wagus at crucial
padnts.  I.0., the researchor would then bs left with the task of specifying
2cme funetdon in order, cuy, to formulats experiiontal hypotheses for the
1avestigaticn of such phercacns 2s offort and aspiration relative to
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rrobabiliatic and multiple-task situations with ne more information than is
available to thess avthors o~nd would then be left with the task of carrying
the mathematics forward 4o wtilize the specifis wopsriies of the functicas
chosen, Hence a diffarent approsch with correspmdingly mors specielized
assurptions was attempted. '

One part of this approash is based cn the ideas of chance-constrained
programmng v which is hers extenied 20 that eascs in which the Jjoint
prebability of simultaneccly satisfying eeveral conotreints (in the form cf *
goals) can be sonsidered emiicit.ly, This is further elaborated to include
cases in which a subordinate, ssy, in response to different reward structures
may strive to maximiza hio reward as a function of goal attainmant subject
to conatraints on all, or a subset, of the piobabilitles of 2ttainmont, of
apecific goale taken irdividually. From there 1% 1s an easy step to include
stipnlations cn cther subsetg which zriat then be satisfied when pursuing the
indicated madmizatica, ard so on. '

0f ccurse, = chanee-~~c-:rstrai'ned progreming approach gsnsrelly riqu;!.rea
| some spacification of ths wilerlying rrobabliliity distributions. A wids m‘
of possible choices i3 thus svailable. For S.nstmce, one might make the |
usual asswumptions of ncraality, etce 4n order to ot.*ain eccass to the prepared
theory anxd tables of classiecal stnfdutica.l theory. 2/ The resulting
preperties of symmetry do not ctherwise have wuc: appsal, however, since
aseynotyy (or skewness) is imuch nore liksly to prevail in the kinds of situations
which are pertinent far thi: ressarch. Doubtless cther proparties suoh. &8

- . _
& We do not here cover the entire of decision rule possibilities es

p discusssd in Charnse znd Cooper fh ] dunng with this topde.
2

For & charco-conatnined prograuming fonmhhon in suel: temms see Chzrnes
and Cooper [5].
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szt -nodelity and discontinulty u'o &ls0 presant and should be considered
=8 the situations exardned and tho. related thsories and methodologies emerge
from furthar research in the arez of control budgeting. For the present,
w#c have deexsd it advisable to adhsre to falrly sinple distributions which
at least have the indicated skevness mroperties. lhese distributions may he
regerded as of the exponantial typ'e == they are £lso conditional distridutions =
althoagh they will also be sesn to be related to the kinds of distributions
wtilized in the ssarch theory literaturs, ¥/
Although the latter thecry is alsc concerned with effoart allocation, at
loast in & goneric eensa, we 4o not wish to push the point of actual relevancs.
Suffice it to sey, therefore, that thls aspproach has at least proved useful in
supplying guldelines for this empirical research which we have also undertaken.
Furthermore, although we have had to extend these search theory modele to
miltiple-goal situations we have also found it possitle to do 8o in a way that
does not. yield unduly cumborsome and complicated modele and results. ¥Finally,
we have also beon able to sffect the developmonts in such a way which
transforms such dubicus variables as "effort" into cther, more easily ob.erved,

paerfemazncs varliables

To close this introductory sestion, we also note that we have elsevhere
ireatad other aspacte of these .odoloczj Here, however, we shall attempt
%o close certain issuss which were left unattended in these other treatments.
In particular, we shall esiablish certain conditions for the existence of the
indicated solutions. Also we extend and sharpen these previous formulations in
other respecte as well. Hence, in these .espectc at least, we can now be
sure that analytical theory which we are using to guide these studies is of

- logically consistent and non-eapty variety although, of course, this does not

1/ See @0 Guenin (11) for 2 diccussion of the bearing of this theory on "effort
allocation" for its possible extensions to other kinds of statistical

distributions and its origin in the work of B. 0. Koopman.
2/ See Charnes and Stedry [7),and (8]
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settle the issve of empirical wvalidity for either normative or descriptive

applications.

2, Basic Assumptions:

We shall rsturn shortly to the nature of our specializing assumptionas
in the mathematical and statistical domains, Here, however, we want to
bring to the fore the idnds of psychological and organizaticnal assumptions
we are alsc making, and we shall try to do this in a way which also permits
references to pertinent parts of the literature in these domains,

First, we shall delimit the environment in which control is exercised
by focussing on a hypothetiesl supervisor of a sub-=unit in a hypothethical
organization., Ve further assums that it is possible to obtain measures of
perforwance which may be imputed tp this supervisor in each of the activities
in a set which is assigned to him., lMore precisely we shall be concerned with
relative performance measures which are, in turn, functions of the amount of
effort which this supsrvisor decides to assign to his various tasks. As
already indicated, we shall effect these developments in a way which factors
out "effort" Y as an indspendent variable so that we can use "performance®
as a surrogate. This will also e@ble us to avoid naving to deal explicitly,
and at length, with such issues as the significance that may attach to
"decisions on effort allocation™ and how t:is kind of phenomenon is to be
observed and messured,

Second, we shall also confine ourselves to short-run situations and
phenomena. One reason for this is that the field studies — and laboratory

&/ As used here the term "effort™ is to be understood as "search effort”
in the sense described by Simon [16] and March and Simon [i5). That ie,
the supsrvisor is not necessarily viewed as expnnding "toil® directly on
the task but rather as expanding effort in a search for improved solutions,
prodedures, so that better performance may ultimately emsrge from development
of the resources--human and material--which are at his disposal.
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studise, too- - have generally been restricted to just such short-run cases,
Thus we shall rhatract from sueli problems as aging, gaining experience,
moving up (or down) the mmunge@ hierarchy and related phenomena such as
organization revision,and wearing out of rasouncéu

It 38, of course, necossary to assumo soms kirnd of tachrological
enviionment which relates porformance to effort. Fart of this is accarodatod
by the kirds of seerch-distribtution functions which we have already discussed.
Thus, in particular, we want the r;alationahip hetwesn perforuance and offort
to be of a probabilistic nature, In particular, we deem it cesirable to have
soms gort of "diminishing returns™ hypothesis so that the protability of
inereased performmance begina, .t some paint, to increase only at a diminishing
rate with further effort. We also want the prob.bili.y of attaining any
porformance goal tc be, in gereral, less than unity sven when performance
and effort are positively related.

The multiple-task situaticns which are of interest here will naturaliy
lea€ to considerations of tlie pcseible mixes of performance that a supsrvisor's
sub-«cnit may produce. We sh2ll want to relate thess (and the supervisor's
responses) to various reward structures, and thereby also relate these to
possible incentive schemss and maximizing propensities of a (more or less)
clasgical econcaics variety. For instance, we shell be concerned with the
managerial considerations that might attach to various reward mixes which
might be used to produce performance nixes that correspond to what is
desired by higher management.

These kinds of reward- psrformance possibilities are certainly pertinsnt
to the problems of budgetary management. They are not sufficient of thzmeelves
however, to provide what is wanted for purposes of tudgetary control
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unless one is willing tc weke very strong simplifydng assumpiions on the
informatismal and behaviuvrel wiriablos which are likely “o be prezon?.

For instance, the ldnds of instructions that a subordinats receiwves an

his physical outputs mey =nte 1 ways that color or qualify ids behavier
relative t~ the dimensions of the monstury rewaids ha may be interested in
atteinirg, We shall, in any svent, assume that this 48 the cuse, Wa 3hall
rlso assune that the vay a msaagoment has responded to hie performsncas mixen
in the past will alse influwnca bis wurrent »ehavior, Pinally we sheld
asgume that this hypcihatical szupviecr fe also caprhle of fomadng gouls,
wore or lecs indopendently, ani that thess oo w’Zll inflrsnce the perforiance
of his sub unit through the indicated ala ¢ tachnological relatioma ard
poesibilities,

Although ws shall eéssumz that manigemont is freo to change iis instructions
arkli its rewards in ways thal can affact the rurarvicoris porZormarnce via his
relative effort allocaiions wa shall aleo wmike certain othsr cseumptions
which algo affect the total e2fort that this supervisor will expsnd on all
vasks, Trhus, for inastance, wa she.:’;l anoume & stipulated maximm amount of
affort at his dispomal. Although this will he stated in the form of éen
inequality constraint, the maximizing assumptione that we also make will
(ss wo shall see) have the effect of ensuring that all of this available
effort is actually allocated,

Civen these assuaptions and their consequsnces, thep, our strategy
will be directed to deducing ;~opooitions which, interpreted as predictions,
can then be used to tent the mcdel relative to situations in which the
following phenomena are vresents (1) a single and fixed technology ard
(2) several motivational structures of prescribed kind relative to

(3) various kdnds of ghort-run instructions and reward structures that



8-

a management might uwtilize to influance the performance which such a
suporvisor night iLiduce in hie sub-undt,

These pradictione ars uhon avallable for wapliricel toato']‘/ Vithin
the confines of this theoretical peper, however, we shall go a step further
by outlining an exrmple of & method for procesding to controul system design
should one of the mctivation siructures provide predictions which can be
emplricolly validate¢. Speecifically, we shall corsider ilie follmwing kinds
of motivetional assumptions: (1) masdrdration of expected reward where
revard is proportionsl to expected profit; (2) masdmize“ion of expected
revard where rewvard 18 a funstioca of the attairment or non-ettainment of o
act of goals; (3) maxdm'za.lya as ir (2) with constraints (lower bounds)
placed on the probability of attalnment of a set of minimun standanxis; and
(4) maxdmization o ithe joint probahility of attainment of goels in all.
performanse areas. For each of these asrumptions we thall determine optimal
behavior including the effort ailocation to each performance area and the
expected psrformance, VFraun thess optimal determinations we shall derive
approximats houriatics thich could constitute the basis for behavioral predictions
whepre lindtations en comrutational ability sre assumed to render the precise

optima umnattainable by an actual supervisor,

Y The question of whether or not anything but behavior may be objectively
meacurcd has besn a long=-ergued one in psychology. The problems involved
in attempiing to determine undoerlying motivation structures by direct
measuremsnt ars such taiat the selscticn of motivation structure which
provides good predictims of behavior as the basis for the design of
systems to influencs behavior may conntitute the only operational way
to proceed even if it deces not supply adequate understanding of the under-

lying phencmena.



Technological Assumptions

In onder to construct a f{ramework ithin which the sffscts of the varinus
rotivational assumptions may be studied it is necessary to assume soms
function which relates mrfomar.ce‘ ard effart in each activity, For reasons
that we have indicated abovs it is desirable that thls function te ons in
which the probability of attainmsni of any performarce lsvel {ebove aure
arbitrarily low level) bs lace than wnity fer finits affert,. and that the
function portray dimirishing rsturns to =2ddi<iunsl effort as sffort ia
increases.

Spscifizally. we assune thet p.orfc'x'fanc: in cthe J-t-'-‘* et ol Ol oot
teke on discrete va..‘v.a!e aij-" i«O,li, cer P, nere i :J.’; Sl “13 > am,
Further wa assims that the probobilsiy oF ::J. attaining » value greater tht
or squal to 8, 3 may be oxpreusad as a function of ( g the sncunt. of effort

allocated to the j-g-‘- area, by the squations:

(1a) F(xJ > ‘oJ) =1 for J..l,oon;n
and
~a J)

(1%) P("J > a“) - k13(1°° ) for iel,..0,03 J=l,...,n
where 1(*,[ =y kiﬁ > kLJ .

0 <k $1

kw\1 s

aJ > 0

It is readily psrceived that the attainment probabillty app.v.aches ki j

asymptotically as C 3 iarreeses. The rate of approsch te ki 3 is determined



«10-

by the parameter “j‘ the greater ""j' thes less the amount of effort required
to ocbtain the same provesition of the limiting rrobability of attairesnt U
The r2semblance to certain funstions used elsewhers in the context of search
ooy La ol course, clear. Howsver, the specification of two paramsters
as we have done heirc movidea for 'conoidcrabl;' greater flexibility than is
previded by these earlier mnctd.onaoz" It io possibls to differentiate
betwesn levols of performancs difficult to attain because (1) kij’ and hence
the prcbability of attainment 1s small no matter how much effort is consumed;
even if ay is large and (2) ay 18 snell thus requiring much effort to oone
close to kiJ even if the latier is close to or equal to 1. The difference
may be 1llustrated by an amalogy to two gemss; in one the player receives
2 nickel if a tosa of a fair coin (already in hard) comes up houio; in the
cther he receives the nickel if he finds it in an eleborate Chinsse puzsle-box.
The probebility of sarming ai least five cents cannot excesd one-half in the
first case although little, if any, effert is required to reach the limiting
probability. In the sscond case, the likelihood of earning at lsast five
cents is high, d&@cwmmw of effort mayj be expended in
the process.

For some of the motivation structures to be investigated it is only
necessary to specify the probability of attaimment of one, or at most a few,

Y/ In fact, its reciprocal in analogeus to the "iime eorstant” of electrical
engineering. Specifically 1/a, is the amount of effort required for a

grobability of attaimment appradutoly equal to 63% of the limiting
probability.

2/ E.8., Charnes and Cooper [ 4], in our terminelogy, assume k“-l. and
cl..1 - for all J, k.
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performance levels as expreased above l-here the motivation is in terms of
expectod veiee, hewsvar, =momething me! be kaouwr abe’ tho dersity of x,’

. . 1/ . e
over itg entire range v W nots that:

- o - 2 -, j j‘, > -
(23) P(xj aOJ) 1 k}‘\‘] \l"e fOl J l ooo)n
and
, x, (’,
(*b) Plx, = ) ~{k , k MY e Y "ifer i1, ,05 I, L0

37 B

The &'m of the density terma ovor i ie, of cowrag, actal to ity and the
exTscted value nay be expressed a8

a, ¢ co a,

e ’ » 'j R \1'\'3 e e, P [ L -1 .J\
(3 Elaylagy [k 40 0 T SUWLEE

Noting that this sum mey bDa partiiyoned into senstant tomm and a tem in

QJQ wa lata
e lm ] - - .
(4) %, “g*w B(xy) v & (1L ) - 151 nyalkyy = Kgpy )

so that, the expected vilve may now b sinplified to:

oy €

(5) F'(xj) - ;’j . 5'13 --~.aOJ) o

2/
Higher momontn of this distribution, 3£ desirwi. may be analogounly derived,

v It is quite posaible that the oraurre=ucen of a particular motivation stimicture
may be influnencad by the relative estimability of expectsd values 9o othar
distyibution paramsters which require some kuowladge of the distributicr over
its enitirs range as opposed to probatilities of atteinmant at a fevr
specific points,

2/ Specifically, if we defins-

"’0 (n) ém_' b(x

we fird: Q@ .
R -5 & acg A
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Ve shall daveetigate tha “noldns tdone of rossidle behavioral
veroont o3 to apsardoatlion 1 ocostinle within ths rsmevork of this tachnology.
Milpowh tro functions’ Jomma found for the allocatlve responces are thus
limdtac, the irsifghty _ained are not. 7Tha mevhodology to be used 1s generally
applicarle to tochr s ozies in which the probabilities of goal attaimment (1b)
avd tho exsected 7.2 (5) are sercn e, ci’ferentiabls functions in {)3 o
Teas whon Jend L) o techrolegizal foris baving thase proporties is found
whickh Lromere prhacctl: oo sooticvlar sliuatien, it may resdily be

vebptitvte” or the fanetdonel fora we have solected,
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Model I - Mudmization of Expected Profit

The usuel assumption made in research oa the intrafirm centrol systom
in a decentralized firm is that each individual supervisor will {or should)
act to maximize profit. The relationship botween ths profit marimization
model and others is therefore needed if a transidcn is to be provided retweoen
economic theory and the control mechanisms actually obssrved in business
practice. The primary feature which distinguishee this model fiom ctheiy
we shall present is the absence of perceived discontinuitiss in reward
agsociated with the attaimment of specific levels of performanceo, Tho zbeence
of such discontinuities allows for. tradeoffis bstwse: 1 performances in the
various activities which are both detsrminant and f. 1ite --- a property which
holds at o1y a few points in other models.

Ve essums here that the supervisor perceives his reverd to be proporticnal
to the profit contributed by hie sub-unit, and that he wishe= to mexirmize
the axpactsd valus of his rexsrd. Assume that unit of perfcrranca, Xy

contributas in amount B 3 to profit, Y indepsndent of SJ“ Then his reward

may be expressed as:

n
(6) = Jfl BJ *
and 1ts expsctatimm:
n
(7) E(R) = L g,E (x,)
Jm1

Y The multiplicatian of all of the B, by a constant - e.g,, to convert profit
into a proportional reward - leaves the problea unchanged. For convenience,
we will assume profit and reward here to be equal although, as poluted ocut
by Whinston [20] this is rarely the case in actual decentralized organizatiens.
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For the lachnclogy agsun»d, ws may evpiess this expsciation as o sum over

Env tsvis o (5), iy,

n n e, €
=) LR) = & o, % Ky - L
(&) (R) K P jfl BJ (2:J &oj) °

Tha Mest susmation is Lidopendent of vho effort ellocation, and indaed.

of totel offort axvenlder by the supgervicor., Ve chall temm it the teclno’odeel

o . ' . . ] ’ .
ortimmiy 43 mayr bo ‘ate _telsd as tha aexpected wvaluz of poelit {asnd reward)

If the ourerviso: ‘s a%orts weve urnceessary. It ropresents the sipocted

profit thot could ~a atlelned by the organizitional su-aunit were 't poseible
te asome that tha factors ¢f pr~ducticn rsepond autcmatically, without,

; Py B gempn s &8 Ay : ’ | . \J ~44 &4 é’/ '1
supsrveanry Int rwantion, te the Bguirwasate of profit maximetlon. ha

ereond gwzalion yaprscents the dotraction from the teshnologieal optimun

whare ths Jucturs of produnction are cooparat:’.ve.\?/ a: Uaded VO GeRiaes@
wpoiin e e qireciad reward) the surmerviror wishas to allocate hic
sffert, 8o 2y o mininise thla sum of dotrartions cecasioned by his inability
to ax; =nd inﬁz:-iixe effort. In purtlorler, ayouming his tctal effort,

sxp ndlture to be Iinited w an smount (" . bis rewsr¢ marimiza‘ic nay

S

be sxpreacsed sa:

Y it 1s ralated ©o the concept of "perfsct sta:udard™ in ths budgeting
Litgrature - 1.2., a2 porformance that san be sttainad 1£ no scheduling
aiffievlting; orrcrs, accidents, eic. ccowr - which is generally
viewad as the technologically optinmal ypesformance wera the "human
2lsmaii” not to intervene.

Y Or. in ths budgetin: context, departira from "recfect etandard”.
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e shall proesant tha reanltr bovo withot procd, oA devotorsd Ll
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algoritin for the solutlen of S0 pobhvmetisal problem alyetiarze |77 5
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of an algorithm of Cnarnes and Ccoper [ )
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In this forr cur eariler steotement regarding the multiplication of all of

the B 3 by a coustant lsawving the effort sllocaticn unchanged may be

readily verdfied, Recad dng (10) and (12),
¢
Y . 2
(15) 3 in { ajﬁj(xj . aoj)]

. /7
Then, if w2 multiply each of the 3 3 by a eonstant, ek to obtain 8 3 wo chser-e:

A
/7 la)
3 \ (Y - ry e : 5 G = - N -
(26 p lmc.ij (xd aoj)] _ 1\'&[0365 (xj —ﬂoj‘] + k YJ + ke
M A
g Y
£ --(-}- r -l y & P
ded 4. = ded i o+ L dfd T - ed % + k
g T N S P
ges % Jea %3 feg % &I %)

The waitiplicat:ive trans ‘erastion cleer’y I:aves the inequality (11) and
the equations (13 ) unshinged.
Ve mz;» thorufcre ecprass tha bahaviorel predictians in quite simple

fomo If wa let

¢ -» k 1y [~
(17) By Bye where B L
v %3

wa mpy exproazs the optim:l effort allccations as:
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- r o afe B {x - aor)] . forreuv
and

e - 0 : for s fJ
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Model II - Rewsrd as & Fmetion of Gosl Attairment ¥/

The concept of goa .,an used here, is related to the psychological
asplration levsl == i,e.. the level ¢f performance whose attairment is

percelved as censtitutlig "suceess” and non-attalmment, "failure” &
The role of such d 3crete lsvels of performance in "decied on-making"

context has been explicitly formulated by Simen [14. He hae postulated that
si: individual engage= in satieficing as oppcsed to _m_ggm behavior.
Perfomancs in a task may ba “"acceptable™ or "umacceptabls™ -- in the latter
case an individuel will ssarch for elternative ways of accomplishing the

task until an acceptable pecrfomsance is found. The decision to ssarsh or not
is assmed to be go-no-go. The walue 4 of performance is assumed to be

1 at or abova ihe acceptabls level, O elsowhere., IL is argued that satisficing
roduces considerably the amsuat of information the imdividual requirss about
the world -~ e.g., tha arpected contribution to psrformance of all the
possible alteruatives that could be eldcited by ssarch — thus becouing &
vlasble behavicial metiora under ths assumption that human rationality is

bounded .

7
1" This model 15 a modificstion of one we havs prssentad elssvhere [ 7], In
this treatment, howevsr, we will attempt to simplify the mathematical
development ir ordsr to focus cn the relationship of the model to existing
theory a8 well a8 present heuristic imterpretations not developed in the
earlier papar.

2/ This construct has besn formalired in lewin et al. [14]) which treats the
peychological concspt of valesnce (roughly attractiveness) in & mammer
closely reserhling utility maximization es bhas been pointed ocut by
Starbuck [17). The paychological focus, however, has been on the choice
of the aspiration levsl rather than on decision affecting behavior
subsequent to the aspiration level formation.

y Which may be intermreted as utility, 4f desired.
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Tho satisficing concsepz ity bteer cxtended to a multi task snvironment
in an organigation - theorst'c cost.ext Ly March amd Simon [15] amd Cyert
and March [10]. They postulats; as par® of a behavioral theo.y of the Tiim,
the formation by the ruling coalitior of an crganizatian (or one af its
sub-units) of a 38t of geals - pzrformences designated s scceptable - for
various activitiss. The ergonization, ~rable to corpute its long-run expscted
profit (or utility) undsr sscunptions of vourded ratlcnality. tormilates thess
rshort rim targeta to provide oparat’arsl besea fev derdaien-mnling,

The behavizral theorm extends 2o “he sscuadyaci ‘hat  4f poriorrance in crs
of the acrivities appenars to be falliry; short et the sarget, seareh afiort
w111l be 2cncentrated In trat activity. Tis theor; Ycas not, however, provide
for the 2)location of affcrt betwoen two such astivities or even which will
be attenlsd fo first if s ssgqusntie’ wrucess is envisicrod, !lore broadly,
the declsion as te how to allocate effort to all of thse activiiies where goals
are assuiand to axist for futurs {as yot varecondad) psrforicance has not heea
conaldered.

Tc this erd we wish tc supsrimposs on (ard pechaps dc injustize to)
the satisflcing thocry a functisrn which combines tha variocus goal attainments
into a single reward figuie. W answ:is that z relative weight may be
asmoclietsd with the attalrmint of wsazl goal. Ve extend the bounds on
rationality to the extent thet tha probability of attainment of each goal
48 a function of effort allcratsd to the aetdvity is assumcd to he known. It
should b2 pointed out that this laec™ =n)iires the computatian of orly cna
point on the density over the entira raize of possible performance-

Ve postulate a goal, g 47 in each of the activities and a relative
importance, weight, wj, associated with attaimmsnt. of the J th goal, We define

a goal-ettainment operator, z 3 such that:
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)l Whara "‘}?8,3

j
k 0 whers xJ < 83

astahiiobing a dlchotomy Hetwsen accaptable und unecceptable performance,
Cha orzanivational sut vt supervivor perceives hie rovard to be dstoerminad

by the roital of his goal tlainments malghted by thelr ralative importance,

A/
Or: cad
u
1) R e L w.g,
’P" \' J
W puibsr tie sstivitiose o thet f.e = L ¢ Loa .“'J“J 2or some 1)) DU
B
18 selected and denoted %7 . ¢ e'milarny the ases ved X, (303 18 denc.ed by CS'
~' - 4 .
Fue 3 = + 1. R SR TS S g &-ews thilil oAy be attaincd wliiiouws

af lovw. Th. prohabllitiszy ol atiairaant ere thos v by

3 5 P
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E 221
J.~ {Jvln one pn

17 .
Ir & wannor analogous ¢> that described for Model .., performance and effort
allerction moy be shown to be invarient under a mu'tinlicative transformation

of the HJO



- Recallirg that we assune in this model that the sub-unit supervisor wishes

to maxinies his expectnd rseward, wa note that:

n 3 «aJ CJ n
(23) E(R) = J-»l J“ - }:1 vjcj(lao )‘J-:*I v

Since the supervisos will not gain froz effort allocation to activitlios

Jeatl, .. ,rn. these nard other constant Lerms ~ay bs eiiidnated ylelding the

problem:
n oy (@
Minimizes nowe.n,
b b
5
(2,)
n ‘ »
Subject to: I Q < (
,;1’1
C:?,i ?’ o, J » 1: o n

vhich ir 1n & mathematicsl fuwm idsntiesl to that of Modal I,

Ve defirae:

5 i
(258} fj = In h’“ij
and
" - {5
(25b) J = 1..,,3,0)
A A
Then we yenurmbor the s “1ritios .o that fl iz the largeest, fz the naxt, ead

30 on, <he selection n zha fevired 3eb, J& » is determinsd by tho Jinequel“iy:
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(26) In:%.uF £ D> et i’ z o I ~ 2 max, f
red TT oz b lyed 57 N ofs °
jez’ %3 i
?
The algoritim for solution procesds dy testing J = ‘E 1} ’

s" w412}  ete. wntil aJ 4s fourd which satisfies the inequaiiiy.

Having determined ths set, the optizsl effort allocations are given by:

*

- o% . 1 e v
( 6 - ..C}- £, " T L (42.!“ z‘i ~< )] forred
' o Jed BJ v J J

\

p .

* ¢
(63"0 fore £ 4

Clearly ®hs solutdcn 16 too complex 4n its exact form to exp=et that
an individual will conselously beheve preczisely in this fashion. Siaplificatiens
gre poraibls with additicnal asemptions. We ehall provide one es an example,
Suppose the produets ‘(aj‘»' je 3) are .dim.zlbutod acecerding to a special formma of

the Parato distributiocn such that:
) ( ¥ - o) §7*
(28 (o vy 5 (aywye0) §

Then, suppose what, ii Losilag 4% = {1}, I = {1,2} cic., rother then wsing

the quantity between the inequalities in (26) he uses, respectivoly, the
A

iower boude, £, f,, eteo Thus with this approxizatiom, and denoting
A * N

by ?t mst 7 thafr in (27) becomes simply

L T .
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~ 1
1) f #* 4 A
&7 ' ‘4
“ be “ £f¥‘ I'L !

1 :
Not « ' 2 cr

ots that p S L 8 Lidl wath this rule the eff.rt 1a
oxpended on possib’’ lewer tasks than i the exact scluticn Taking

sntdiogarithms in (29) and substituting rrom (26) we obtaiy

/3

30) ® “"(1‘ . A
'
- 3 L i . o ) N - ¥
A cimp e hewd ti- 3m “hos ostablishag 27 taa L sevlsdicy 1a Lhe uvie wioh

the lary=st (ajchi not. to racaivae eiforh. thor effore will be a2ilocaiag
L %)
such Shat the widl

~aalbe .

1~' 3wty racatyee effort Lo the etent nscecsary to

Y 4iags the "iaxiting

,e
- 9
ot

(SRR th . . :
etrain e v goul bl probpdtlitly ]

peebabliity  Thus, i) all of the availeb'e cffort 1o allecated to thrae
activiiinse thau the gral in che firsy activity will ha'w an avtainoeny

. 3
probability of £ 5. the secona f <, & tha third < ¢y Wether or

ret this kind of hevristiz will he lsarned or adopted by an individusl msy be

teatad 1\ & &hoiaber exseriment wiere thw rolative aizes of the (ajch1\

zay o Coatarnined at +:3L In e fiel ] altuacien, the Jom or forms of
near’ st & specific v. the actusl or rermeiwwd values would need o Lu lavelopsd
for Lea- lhe case glvan haa Is xersly deminstrative of a pessible way to
procsed ‘rom an optimizing ushews bassi upen the exist.nce of goals to &
he i BL'~ wnich pireducas i approxiwale soluiion to the ootimization problem
whoro &340l Aby malss I erediy @ ne R canduidate o2 a tual bohasior

i1 the satisticing sonext., the intserpretation oi Whs sclution nerits
addition:l considerat?uon It i» assumad In the behavioral theory of the
fiem ~l-/ ornd in business writing generally that supervisory effort tends to

be sufficiently limited that it is the "exceptions” or unsatisfactory

3/ as deveicpad in Cyert and March (10].
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performances that receive attention. In its simplest form, the solution
suggests a partitioninz of astivitier into two sets--those which receive
effor: and those whieh do not, L Por those activities whieh initially
had goales above zero-effort performince and do not recelve effart it
would seem that satisf.ctory per{ormance for them has been redefinsd to be
sere- sffart performsnes-

‘s might thevefoxre propose a woajesture whose investigation is beyond
the veepe of this papei~. vi: thal ths goal-eetting process is at least a
two-ntage precesa. Thes iaitial pjoals are weighed against the effort available
for attaining tham by an optimination or heuristis mesthod. The subset of
actisities for whish goal striving is repressnted by remeipt of effort, are

then taken to ba the goals set.

1/ Clearly a dichotomy hetween reeipients and non-recipients of effort
could hold for a :arge class of assumed technological or reward
functions in addit.ion to the one used here,
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Model 3 ~ Reward Macimization Subject to Constraints on Individual Actitities
It has been sugzgested that the psyshological aspiration lsvel is not

single-valued but. rather, that an individusl hes, with respect o & glven

task, two or more levels at which he perceives discontinuitics irn satisfaction 1’/
In the industrial coatrcl environmant frequantly ssveral standaris are

found to exist for the same task - o.g., a "verfect” or "ideal™ standard,

and "attainable™ standaid, a "basis™ standard ~ each carrying a different

connotatiom s to the dasirablility, or recessity, of attaimmemt, In military
intelligonce, ome level of information is categori: ~d as "mecd o ™,

a higher 1 vei as "nice te howa".

Ore could, of cowrse, cherac.Loriue tlisss differences in terms of

a goal 8.1 whosa attairment is pe:ﬂ'c-aamd as associated wdth reward "3’ a
f °

higher goal &; with rewaxd vJ, etc. Obvicusly the mmber of goals ard
rerards can be increased until, at the limit, every level of performance
that can be recogrisec (i.e., every ‘13) 4o associated with & particular
revard. If all of the incremential rewards ars proportionsl to the
performence incruments with which they are sssociated, the resulting

reward maximization problem is identical to that of profit maximisation,

' For example, Gardner (1<], p, 65 suggests:

Mgnt not an individual 4n a task such as dart-throwing entertain at
one and the same time ¢ willi hope that he will make a perfect hit and
s mors prudent hope that he will at least hit the target, with
veriape &n additionnl, self -conscious hope that he will not appear
toe awkward in the eyes of The experimenter? - In other words, is there
not corsiderable likelihoof that an individual’s s on a given trial
are marifold, fluctuant, ephemeral, and differing qualitatively ae
well as quantitatively with those aims which inwlwve a specific score
often giving way to ains which camot possibly be described in terms
of score values?
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In any event, extsrsion of the model in this direction is trivial, at least
with the technology asgumsd. Yy Furthermore, extensions of this kind do
no® allow for qualitative differences in the way such multiple levels may
be treated. .

Take, 2¢ an example, a student who defines as "good performance® the
graie of A in tvic of his coursas ard B in three othera. Let us further
sunpose that oms of the latter 1o a courss which is relatiwvely unimpcrtant
to hin - say. far removsd from his major fiecld - and ettaimment of a B
airficult as well. Under nssump:ion of the straightforward reward-mexiniza-
tion problem he might well arrive at a solution which allocates no effort
to this course. Preswuiing the zaro-effort solution to be a failing grade,
it seams rsasonable to asawme that although it might interfere with his
gomd performances in other courses the student would. not wish to fail this
acs. More generally, hs might wish to make sure that his effort alloeation
sgenros him of 2 apall ~robabliliy- of failure in each course, regaxdless of
the importance to him of good psrformanca in the courea.

In the industrial enviromcnt, similar examples of qualitatively

difforent ireatzents of activities are psresived. Success or failure of a

57
i/ I% wmay bte shown that, for a a3el of goals s K®l,.00,P, acsoclated
with a sst of rowands such tiat 'kj is ¢he gative incremental

reward obtained by attaining & rather than &1 where
R R P e-’)
3= &y " g V0 ’

it is merely ncceseary to substitubde the quantit:

P

I w
N

for chJ in the rewaird maxiinization problem shown in the previous section,
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ata',nrv;la' in mceting; a production da2adlins raraly apycars n a budget
ovaluation; i anything the casis incwred by reason of the fedlure ere
generally re’lected in anothar supsrvisor’s accomnts. Yet, meeting production
deadlinas frequently fcems to be taken as a "glven™ ; such “tems seem to
have s dowinant rolr which cannot be readily pesresiwved with relative
welighting schemes. & They sesu t.a_ hava the characteristics of a
8ins Que no. or vure constraini whoss attainment ie wecaconme ha®org -4hge
mearurass Means releviit

‘thervs are, of course. several wavs in which such quelitative differsnces
might be reprasented. As an example w3 present the follwwing (simple’
repressnts’icn in which ths supepviscer sets 1imits on the probabllity
of verformincesn faliin: below scno- "rindomum aceeptable™ lawsls, 4 5° Tress
ars assvaed to exdst 1. s cubset of the sctivities Zn which he iz striving

i
to attaln "goed” parfoimance levals, 83 2/

- o

I/ In interviews conducted by one of the authors in connection with a
fi21d study (193] Cloremen queried about their goals indicated some
variant of "well, the production echedule ha:z o be it - and no if'
about 1it" but eould not put a relative welight on this target in
ceoparison to other goals. Nevertheless, they sccmed to associa®e the
attainment of other goals - uauslly cost and quality - with the "score-
cards™ their superiors kspt on their activities for retention and
promotion dezisiona,

-

If -ome of the activities are not perceived as having goab which
contrdbute positively to his rewards beyond attaining the minimun
acceptable levei, they mey simply enter the reward function with
zero waight and some dumy goal - e.g., the minimm acceptable level.
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We ascume the rewarc [onction and terminology of MHodel II except that, for

sliapldzity. we dgnorn the possibility of gJ =&, J ord 3 -8 j and assume
that
? =2

whare r, is the k, . wsroclated with the performance level ‘i j corresponding

& i

t»d Tor convenisncs, wa assume that the n activities are numbered

j"
ialtially so thai the first m of them have minimum acceptable levels. Defining(1 §3’

as the  zaxiimum risk of non-attainment of d, the supervisor is willing to

J
take, #e may strte the reward maximization problem as in (24) with adjoined

cornstraints. viz .,

n “a, €
(32) ¥inizize: 2 w‘cJ ® 3
g1 ¢

-a, €
) Yot A d "
Subject tos ¢y {1-e Y > %x =1, ...,m

n
r <
341 ..C’ ¢

CJ > 0’ Jel’ 000’ n(\

=

Although straigniferwé~d application of the Kuhn-Tucker conditions is
possible, the fvllowing transformation simplifies the problem considerably.

Let € 3 be deftned by the equations
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Then we effert o traniforaeticn of the {J such that:
: P P
(3[’:\' L‘J "(3 il ‘.sl.j ] j - lr ~ncog pe§

Tha adjoired constrain®s are satisfisd i and only 4€ ron negativity

¢
nolds fo;* the v'f,’jn Defining

I n =
(351 - L > 61

/7

o
it is clear that for Lie problem to be feasible, { > O The transformed

[y

prehler way be atated ane

r « ("5
Mindmd s I 0w f' 4 J

3~ d

n Vi ﬂ‘/
Suhjev. tos L (’ (NS

lwl - e

J

V4

fj_>c, |

The mathemati~al solunim is, of zoures, identical to ¢“hat of MHodel If
The belavioriatic irterpretation of the offort allocaiion deeis!on made {4

best viewed 8s a two-ntage process. ‘irst, the supsrvisor allocate: . 11 of
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the effort necezsary to satisfy the "musts™ - the minimm performance require-
ments he perceives to exist. Then he allocates whatevar is left over to
reward maximigation. Y/ Some sort of mechanism of this kind is necessary to

explai~ the occurrsance of situations where increased difficulty in one activity
- .8, an extremsly tight production schedule -~ sesms to cause a whole series
of tudget "exceptions" (failures) without a corrssponding increase in reward
associated with the activity, Under the unconstrained reward maximization
model, 2 sufficiently great increase in difficulty would drive the activity
frowm the set of activities receiving effort unless its contribution to

reward were very high. If the wsight were high, however, one would expsct
a considerable amount. of effort dewvoted to the activity generally, even in
periods when attainment is esasy, with a resulting high expected performance.
The last is not gensrally obsomdj things like production schedules seem

to be met consietently but exceeded rarely.

=
by A similar develoment, and similar interpretation, ecan be constructed for

the profii maximization model; 4.s. suppose a supervisor in a decentralized
firm 1s §iven profit maximisation instructions but (as seems to ocour in
practice) iz alao expscted to adhere to certain policies presumed necessary
for coordination of the activities of the decentralised units. Under these
conditicns it might be expected that he would allocate whatever effort is
left over frem the satisfaction of specific policy objectives (whose
attainment is easizr to measure) at minimm risk to profit maximization
(whose measuremsnt is more difficult). If the policy objectives arw
difficult to satisly, the effort allocated to prefit maxirdsation may be
emall and prefit 1ow., Such a phenomsnon could explain the existence of
profit objectives in addition to (or instead of) profit maximiszation
instructians., Should other pcliecies be incompatibie with sufficiently

high profits - an infeasible problem - than a re-evaluation of other policies
might result sather than a continuation of a policy structure which siuply
produces low profits. -
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_Hodel IV - Maximization of Probability of Attalrment of ill Goals

In this mocdel, we go still one step further in the direction
of reducing the importance of relative welghts attached to goal
attaimment. Spscifically, we assume "good parformance" to bs
defined as attainment of all goals. This is particularly relevant
to tha situation where the goals are viewzd as miniium specifica-
tions withoul whose attaimment the entire product is considered
unacceptable.

Take, for axample. the spacifications for an aliplane.

Anong other things, minimum top speed, minimur range, minimum
payload, etc., are specified in aavance. No increase in top spesd
above this maxdimum, however, cculd compensata, sqy,' for an
insbility to take off with a pilot aboard (assuming this to be

& manned aircrmt‘t)ny

in the control enviromment context to which we have related
our other modaels. & situation may he comprehended in which a
supsrior's policy may be stated as "no exceptions will bs tolerated.”
Such a policy was followed until quite recently in the promotion
of wilitary officers; only officers whose efficliency reports wers
perfect turoughout their caresrs cculd be recoamanded for early
mramotion. The business executive who asks for a report of
explanation from every supervisor who failed to make any budget

is following a similar. if soxgwhatl 'cos zevare, rolicy of

1/ hnother plane, designed to be unmannsed might be designed o
fly faster tut the specifications for this one call for a pilat.
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penalizing ons or many deviations equelly,

Urdar any of these conditions cnly attainmant of all goals
will suflice., Hence, maximizing the probability of acceptabls
parformaice - the probsbility of attainment of all goals -
nadnizes expected reward. Asswing, for simplicity, the various
gl atialmments o be indepedent. ths joint probability of
sttalnmant, ngy be sxpreased as:?

n
9

. n n n
37) (= 7 Plx,28) T e,0-a2)e(TT ¢ )T -6
3 2 &y 3 o P

37:1 Jal

=
Madmizng () ic clearly equivalent to minimizing the quantity:

(38) ‘R} 5 L)) [ ———

s¢ that the problea may be stated as
n
Minimize: ~ 3&1 In(l - 03&“.1(3)

(39)

n
subject to:  €j <€
I~

An explicit solution for bhe(j is not available readily, if &t
all., An approximation to the sxplicit solution is availsble
which makes use of the fact that unless the probabilities of
non-attainment of the individual goals are quite small the
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product of the attaimment probabdlities would be msaning)ess
as a criterion function. I.e8., what is the meaning of maximizing
the probability of accsptable performance where, say, it is in
the neighborhood of 10£? The derivation of the approximate
solution is given in the apperdix.

Specifically, the optimal effort allocation is given by:

( -l dh op 23 =1 seerm
3 %y =

(40) /
1 .w-—-—-—-—:— o
PRI ey

where
L n
(1) s vayp [~ _1 (€ -2 %-lnuj)]
n 1 =1 73
i a
=1 J
and
n
L -i-z
B - J-!l j
g e
314

Because the failure to attain any goal would result in a zero
possibility of acceptable performance, all activities must

receive effort. The requirement that the non-attainment
probability in each activity be small is essentially a require-
ment that .<¢ be small relative to each of the ay or, alternatively,

n
that C be large relative to I %—J— in @y as may be seen in (L1).
J=1

~ LS l
1/ This upper bound for M is approximstely M (1 +BM) ~111m M
as an approximation top( is in error by no more than BU 2,
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Where «¢ is quite small, . is a good approximation to -<4. and aj

L +0C.J
50 T o Eramining this case, we note:
%) 1 [ 1 S
:. ,p:.""‘"*- ,.Zl d—,+ ( - 2 ln ',.) » j‘l, oo, n
3 %y L1e € iug %3 3

This approximacion is identical to the solution of the reward max-
imization problem of Model 11 wherc € is large and the 75 are
all rqual to 1. 1In the current problem, equal ‘ZJ- are tantamount

to equal weignts,w, , since, for the same rcasons that require 4

i

to be small relative to o(j, the ¢, must all be close to 1 for

J

the criterion to be meaningfui.

Thus we would expect similar behavior to result from a "o
exceptions" policy and a policy of not distinguishing between
excoptions where: ¢1) the amount of cffort available is suf-
ficienuly larpge that all activities would receive zffort; and (2)
the limiving probabilities in all activities are close to unity.
The major diffevence between the two policics would scem to be
that “eounting excepfions" would remain a viable policy if total
cffort should Le substantially reduced or same of the goals inereased
csubstantially in difficulty in situations winere cise "mo exceptions"
policy would cecase to be viable. There is a safety valve in one--
the ability to drop an activits/--that does not exist in the other.
Acsuming that an individual coulc be motivated to respond to

ecither policy, the cholce betwesn them would seem to be dictated
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by whether it was desirable to drop a subset of activities or to drop all geal

attainment problbilitiés generally if difficulty in one or more goals

increases relative to the cffort available.

Relationships Among the Models

At the beginuing of this paper we noted the possibility of a
difference between the desires of higher management and the criterion
function to which a supervisor might actually respeond. If such a disparity
exists, it is in the interests of higher management to translate, if
possible, its criterion funition in such a vay that the supervisor
satisfies it {pecvhaps approximately) by csatisfying aiz oun.

It is genecrally asiumed, in economic -treatments of control in
decentralized systems,LA that the supervisors of the decentralized units
will (or should) maximize the profits of their individual units. The
resuliting overall performance will then be optimal provided ce;taiu
conditions on the iunterrelationships between the units obtaxn.-/ Suppose,
hovever, that the unit supervisors can respond to goai:, but do not maximize
profict. The contrel problem may then be stated in terms of designing a set
of goals vhich will produce the same effort sllocations--and performances=--
as profit wmaximizing bebavior.

Recalling the mathematical forms of the functionals toc be minimized

in the expected profit maximization and revard maximization models, vii.,

n “Qj ’\-
58 & ~a )n ]
Pl g TR

{43) and
n -~ PJ
> PG © AN - A
i=1 i S

1/ See, for example, Arrow [ 1 |].

2/ A thorough treatmeit will be found in Ukinston [ 201.
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an intuitive formmlaticor Ic clear. If the rewards, “j’ and goals, g,

{end heuce the asscciated cj), are chosen such that, for the activities

seceiving efvoct, (in thas mrofit maximdzation solution),
Y . o 1
(i) ve =k [B(x -a ), r&J

arsd. for thove not receiving offort in the profit maximization solution,

a*'

(&5) ve € k =ax [pix ~a Jl, sN.
8 s 343 j o]
That is, to ussure that effort is not 21located to an activity the rewards
ard,/or Jiziting probabilities of attainmont for reved only be sufficiently
small. A slmple expedient which minimizes the amcunt of communication

required would be sottineg &1l of the L " o,

A more rigorous statement of the necessary and sufficient conditions
is proved g5 a thaorem in Appendix 2. These formal relationships are less
interesting, however, than the relative simplicity of the translation.
Sipilsr transletions can be developed fer the othar models. We have already
alluded to the similarity betwcen the chance-constrained reward maximization
problem of Model III and 2 sim:larly const¥ained profit maximization model.
Also. the equivalence between the approximate solution to the Model IV
problsem and a reward meximization problem with equal weights attached to

each activity expands the scope of possible translation.

1/ ©Note, hocever, that translation of profit maximization for a supervieor
respending to a "no exceptions" pelicy is severely limited unless some
way of partitioning the activities may he found such that
Bj(&‘j - j)'_’ik(it'k - a ) for all j, k. The frequent occurrence of

"no exception" policies==2.g., in govermment purchase contracting=--mey

attest to difficulties involved in specifying criterion weights or
performance contributions. Alternatively, a reexamination of the usefulness

of such coantractiig procedures may be suggested. ;
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come writers have suggested the desl.al ity of clucatiag uaneg:)
to profit maximizing behavior. An obvious alternative suggested by
the relationships investigated here is the translation of the desirec
behavior into the motivational framework of the supervisor~-if such can

be established--rather than attempting to modify that framework.

Conclusjions

Ve have investigated optimal behavior in a variety of assumed
motivational situations and the relationships between them. We havae
developed heuristic approximations to some of the optimization proceodures
wiich can serve as bases for behavioral predicticas in actual sit.ations.
An interpretive limitation should be noted, however. We have assumed
throughout that an irdividual‘’s bshavior will gconform to that which maxi-

mizes some sriterion either exactly or approximately. Inmpirical validation
of the behavioral predictions would not validate maximization as a mativa-

tional drive or assumption but rather the predictive usefulness of the modsel
for design of control systems. The latter would be analogous to the usage
of the principies of least action, least constraint, etc. in the physicai
sciencss without the ascription of a behavioral teleology to inaniunte
objects.

We have attempted to show how the maximising models are related <o
certuin "rules” of Lehavior which may be stated programmatically - o.g.,
"first work on the activity which has the largest product of retum to
effort and reward."

But greater specificity - e.g.. when to start working on the sscumd-—-
requires increasingiy greater incorporation of Sophisticated computational
routines. We have thus, at best; taien only a step in the direction of pre-
dicting types of behavior which appear to be highly programmed but devoid
of complex forms of computation. E.g , the department store buyer of Cyert
and March [10] and Clarksom's (9] trust officer exhibit behavior
vhich is highly predictable fram the behavioral programs which they seemed
to have developed for themselves- The relationship between these prugrame
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and an underlying motivational framework is not made exrlicit

papers, however. Implicit in the design of gontrol systems is the

problem of altering behavioral programs, a problem whose solution could
~doubtedly be facilitated if it were possible to alter hehavier by setting

appropriate goals rather than by altering the programe in detail.

Thus, an avenue suggested for future uneoretical research is the
search for models of motivation structure whose heuristic interpretations
can be made more explicite=in tenns of behavioral programs=--but vhose
computational requirements arce less demanding than those exhit ited here.
Obviously individuals do make a choice of the activity to be allocated
eifort first and vhen to turn atteation to anotheijcontrol systems
utilizing goals in various activities continue to be observed. The
further invest.gation of the cffects of multiple~goal control systems
oa effort allocation programs vwith an emphasis on developing the
Licuristic sclutions seems merited. y

At this point however, the models presentced here have been and can
be vseful for providing behavioral predictions for empirical test.
Impirical observations are necessary as a guide to the choice of direction
for the search for motivational frameworks which provide promise of serving

2. a vehicle for contreolling the development of behavioral programs.

1/ Two theoretical works which are suggestive of particular directions
of attack are the non-Archimedean utility structures of Charmes and
Cooper in [3) and the vector utilities derived in Charnes, Cliumr
and Kortanek [2],
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Appendix 1
Ve wish to find an approximate solution to the problem:
-
Minimize =% In(l -e ] j)

J

Subject to: L p.< P
j J

vherc , throughout, thc summation is understood to be over j=1, ..., n.
v
The Kuhn-Tuckar condition: are
-y
.
PR PO = p , =, ...y

pa_%.. 1n (':.fi)
30 p

1 utdq.
s P, Lo I ¢ —l=Q .

It vill be recalled that the original statement of the functional
was in terms of an overall probability of success. It seems reasonable
that. in most situations, unless this probability ic fairly large, the
individual will reject the criterion and adopt some other; it seems unlikely that

an individual will consistently engage in am activity vhere he perccives

1/ Note that for p =0, no solution obtains for finite Pj so thac the

condition on }:Pj must be satisfied as an equality.
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his chances of success at much less than 1/2. For the problem to be

aeaningful, then, the components of the joint probability must be fairly
4. P
“luse to 1, indicating that each of the e 3 J uill be small,

especially so whe” the number of activities is large. Thus the ratio
'_1'3(‘;

-t must be large or m << Qj.. It follous that:

M
U, .
M
suggesting an  opproximation. fle note that
1 . Py 1 a
=3 - i)> 2 (O @ T
P ;j.;z;.lnc..ﬁ)_j ?j-l m

Let an approximation to u, ":i » be defined by

pzi'l ‘al'j‘.ln( ‘?).

J

Since ¥ is determined by p = 5 '21"1n (1t %1), smaller values of
q", i : a ~
'-,j: are involved than inp= X ,cn (_d..), henced must be a lover

bouncd for M. An explicit solution is easily obtainable for ; » for

1 -~ 1
P:: >3 q-j—ln aLJ. -,ﬁn(p.) p a

j 32
&
F{: exp |- *"li"“‘ (f- = dl—j ndj)
Za- J ] °
:

p= I %;ln(“-;—q’;);? %—;Zn% e%:
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e next form the preceding inequality on £ as
1 ; 1 1
e Tjndj) z_(,en,u) (& gT)-pE &"2' ).
e 3 i &
Dividing through by = -a]."- , the left side of this ncv inequality bocomes

a3 W
the expression for /Zn M. Thus

1 . ¢§
Anp2 fnp -p——i-
r "z o 0
Defining 5 .3

» this can be written & > uc~ e

We note next that

K = pe Br > Ml = BH).

Let F and : be defined bygg;fl - Bi).‘.‘ He P
Since P4 2 1- a){,
K2R
o that: o %
F T gﬁ :-“cﬂlk Zﬁcvp“
~ﬁx

The function y & x o is a strictly increasing funstion of x for 0 < x< 1/B.
Thus '€ 1/B > K, b > 0, then from ,‘Z.c"”‘a pe BH:

it follous that P > p.

ilcnce

<
I
x!
iv
T



42~ A4

Solving
R -pr) =M
Y
> obtain
s 1-+1-4pM
M= 28

~
viiich yields the umplicit constraint . < 1/4B .
Soclving

~
Pe “"‘:H»

ve obtain

The error of the estimate, H{ , is thus seen to be bounded via

;1= 1 = )
g !.5“!-,‘““‘ :
1l < 5 e

Recalling thce functional in the original problem:

-4 p
- Tr m g3
- Wy .= 8 LR e
n 5 P {SJ z 8y }: y 2 1 -e )
Let -4p
i ¢ ™ 14
¥ il (1 ~e ),
J
whnerein ve suppose optimal values for the Pj- Thus,
1/ Since  either root satisfies .'A 2 F. the smaller as the closer

approximation to } :s preferred.



l-e_djpj<l- = 5-1-
Mdj 4 q. :
J B
S ek s o oo 2
ve T Gizg T &)-_ s I Nq._"
j i jhﬁl J J J 3
J
1 1
= =Tra1?q't) 2 1+tRKREZ a .
J 3 J J
1 ] =z Y,
L+ RE =5
i q'j
1 1 1 T :
2 — SUB1sRE == >3] M 3 -5
1t R s ,i- 1+ A E *(l" ;% § %
3 i i 3

ile have thus established lover and upper bounds on the estimate of L (and

hence estimated Pi) anden v, vhich provide 1limits on the estimated

probability of acceptable performance.
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Appendix 2
The conditions for equivalence of the e(fort allocations under
* > Vi
profit maximicaation, @ b and revard maximization allocations, P e ?

in response to goals, gj = aij’ vill be formally stated. The terminology

developed in the paper will be introduced without further (formal)
;" :
definition.

"

* .
Theorem: MNecessary and sufficient conditiomns for @ r = Pr , t€J, »&JY
are choice of gi end v_ such that
. o
i) By 2 A for all r€J
A A

f=7 +8 rt
vhere § is an arbitrary constant,

A n /
1ii) L = 1 % Y # 4+

T GE e R

& 3

€3 3

Proof

SR\

Condition (i) is clearly sufficient for J to be iiciuded in the set
of the first m j's in the cut effected by (22). For necessity, suppose

e ?
that for some k€J, 8,%a,- Then @, =0; but by definition of J,
* % !
. > 0 co that P * ,01' , a contradiction.

3
.

2 Ty will be recelled Ak b . = naa (x, ), defined £
| 17 B Ay ey

profit maximization problem and fj - ln(c’vse’), defined for the
reward maximization problem.
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Conditicn €ii) implies
A § 2
1 1 = $ Zi -p *_Q: 1 [-2 ...1 ﬂ'
(2 ) |38 o { & -;(L-) LJ&C!J l
i€ 3 i®J J
so that conditions (iii) and (iv) together imply J'ss J. Alsc
P ? |
‘e 1 ¢ 1 :
= £f - o ( 2 - . f) *
X ™ gy 2 163 9 |
L. i€ ]
= A
1 A +A 1 '_’_'1 A X
W L { & " it i )
. | F t5 ) ks Y W %
- JeJ 1
A
- 7.
1 ~ 1 =L
= = ly - == & d. - P)
d‘r . ) 'al-‘ ) ifeJ J
| 388 3
L
pr

A ‘* * ]
Conversely, Pr = Pr fmplies J'=J, for othervise cither for some
* * *! ¥
LET, Pl, > 0 and pk=0 or for some k€J' , Plr >0 and 0, = 0.

- X * ‘ 4
Together, F}_=9r and J'= J imply

r 2 7 “E
A .} = 4] 1 3
T« ( £ -l .-~ (£ =+ -0
BEA Tt Y (g degm G
- S & 73 4
A ~ i Ar & i
: Al e SRR : 3 "-| i
e s L e e
€1 ™ »
A VA A A
Hence fr and fr differ by the same constant, say g, for all #é&do Fogf Uie
i/

necessity of condition (iii) we introduce without procf the follcv ng lemna:

e oy —

1/ Proved in [ 7 1.
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Lemma e
A m
(= -i' ) o 3
j=1 J
atl £
A .
then £ o 1 £E > -0 .
(Z < )
=1 3
Now then, suppose 4 Et’ t§J cuch that
7
A A
£, > L 1 z e - +g .
(= T) €& 4,1
€& 3

implying t&J', or J' $J, a contradictiom.

Finally, suppose, for some q€J .

A 2
£

3
< e e - .p
. (g -2 ) |ies 9y
1€ 4
By condition €ii) A
A 1 . ]
< : -
17 (2 F)1 n 7
€3 ] 4

imp¥ying q‘J, a contradiction. Q.E.D.
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